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Abstract
If a camera, mounted on a mobile robot, moves on a straight line, the optic flow field is a diverging vector field, of which the singularity is
called
“focus of expansion” (FOE). An object that is seen in this FOE is located on the future path of the camera. However, a mobile robot

usually moves on a curved path such that the future path is no longer a point in the image domain, but a line. All objects which are on the

path (and thus will cause collisions) are projected on this line. Not necessarily the reverse is true: not all points on the line result in
future
collisions. In this paper we derive how the optic flow can be used to compute which objects in the image are projections of future collisions.
Experiments under controlled conditions are carried out to test the theory.  2000 Elsevier Science B.V. All rights reserved.
Keywords: Optic flow; Visual guidance; Navigation; Mobile robots; Collision avoidance

1. Introduction

driving. Here a model of the road is used (the lane markings

the heading direction and its possible collisions
withDetecting
obstacles is one of the essential issues to successful

the observations. In the same project also recognition
from
of vehicles on the road is carried out [20] by a model-based

autonomous navigation of a moving robot vehicle. Compu-

on the planar road) and model parameters are estimated
approach. Other examples of model-based outdoor road
following are given by Bertozzi

ter vision systems are used more and more for this task







because they provide a rich source of information

and
because the current state of computing hardware makes
real time image processing possible.
A wide range of applications can be found in which the
above problem is present. Road following is a well-known
example where the main task is to stay on the road; the
future path of the vehicle should coincide with the road.
In obstacle detection one wants to detect the potential collisions with static or moving objects in the environment; the
future path should not coincide with objects in the environment.
How can the central question be dealt with? In principle,
there are two approaches.

Model-based


 


approach, where a 3D world model is
(re)constructed.
Use the information in the visual domain directly to
predict collisions and future course.



























An example of a successful model-based approach is the
early work of Dickmanns [6] on automated highway
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and Broggi [2] which
increases the robustness by stereo or Fernandes and Casals
[8] who segment the image based on color and construct an
occupancy grid representation. Because these approaches
use specific features (such as lane markings, or assumptions
about color transitions at road-sides) they are very much
related to the specific task.
In a more general model-based approach, a geometric
representation of the environment can be constructed. Techniques have been presented to make geometrical models of
the environment for example from stereo [3]. Together with
information about the ego-motion of the vehicle, a collision
can be predicted. This approach requires less specific model
assumptions as line markings and should be applicable in a
wider range of environments. The approach works basically
fine for approaches in which the model consists of relatively
few parameters which have to be estimated (for example
walls in a corridor, [5]) but if the geometric model is very
complicated the vision system will not give accurate
estimates.
Instead of using model knowledge or constructing a
geometric representation of the environment, the visual
information can be used directly for the navigation task
(visual servoing). A number of approaches have been
presented in which a vehicle is controlled directly on visual

2000 Elsevier Science B.V. All rights reserved.
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and an indication whether future collisions fall in desired or
undesired regions.

In this paper we show that this is possible. The underlying
philosop
hy is that both ego-motion and spatial characteris-

tics can be estimated from an image sequence. This means
that the correspondence of the future path of the mobile

robot and the locations of objects in 3D is solvable in the

image domain itself. In order to show this we will first define
what
we exactly mean by the intuitive terms of the future

path, etc. that we have used so far.

+2. Problem description, definitions and paper set-up
,A camera which is moving on a straight line is a classical

Fig. 1. Two ways to answer the question “What are we heading for?”. One
approach is to build a 3D world model. In that case we need information
about the future course in the form of a trajectory in world space in order to
predict future collisions. The other approach is to predict collisions directly
the 2D image domain.

CD

e of a situation where future collision points can be
exampl
derived from the flow field. In this case the optic flow field is

information [13,18]. Note that [13,18] use the #static image
as input for their controllers and therefore not use any

spatial information. However, spatial information $and information about the ego-motion of the system are available
from the %optic flow,& the estimated image motion, derived

a diverging vector field, of which the singularity is called


an image sequence. Therefor, optic flow is used in
'from
various types of navigation, such as road navigation [9] or







3

navigation [5,19] and in this paper we will show that
indoor
we can use optic flow for prediction of the future trajectory



,

of the robot.

(
)
*







To summarize, there are two ways of answering the question “What are we heading for?”, schematically depicted in
Fig. 1. One approach is to use the image sequence to make a
3D model of the environment, and use information from the
image to label parts of this model as desired or undesired
locations. Localization based on odometry can be used to
predict future collisions and to navigate the robot. The other
approach is not to construct a 3D model but to predict collisions in the image domain. Therefore, we again need a
segmentation of the image in desired and undesired regions,
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“focus of expansion” (FOE) [10,16]. An object which is
seen in this FOE is located on the future path of the camera
(see Fig. 2). Points with a flow vector angle
90 or
270 will be passed to the left and points with 90
270
will be passed to the right. If the camera is also rotating, the
future path, as projected on the retinal image is no longer a
point in the image domain, but a line (see Fig. 2, lower part).
All objects that will collide with the robot are projected on
this line. However, it is not necessary that the reverse is true:
not all points on the line are collision points. The problem
can now be stated as follows: can we derive the projections
of the collision points; i.e. the locations in the image where
an object will intersect with the future path of the observer?
Can we derive from the optic flow which points will be
passed to the right and which ones to the left?
Our idea is that the correspondence between the camera
curve and the objects can be solved entirely in the image
domain. For this we need the image motion because we need
the depth information. In Section 3 we briefly recap optic
flow and environment geometry. In Section 4 we will first
investigate which objects will be collided with for an observer which has a rotational component. We will derive a
property of a collision point that is invariant under motion
of the observer. We will show that this invariant can be
expressed in the image domain. In the following series of
experiment s, we show how the method can be applied for
the prediction of the future course.

-/. 0 1/2
465/7
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:2.1. Definitions
;We define the <camera curve =C> ?t@ as the curve which will

be followed by the optical center of the camera in the world

domain. We will later show that we base this prediction of

D

the future camera locations on its current motion. Future
GH

EF

Fig. 2. Lower left: the camera curve C t and the collision points P in the
world domain. Right: the projection c t of the camera curve and the projections p of the collision points onto the image domain.

collisions with objects in the environment and the camera
will occur if the camera curve intersects with these objects.
A 
points P define the prediction of the points of
Collision
?
intersection. Finally, the times to collision equal the
predicted times it takes from the current position of the

B
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It is well known (see for example [7]) and it can be easily
seen from Eq. (1), that the absolute depth Z r to the point in
the environment cannot be determined absolutely, but only
relative to the translational movement T Vice versa, the
translational motion can only be observed relative to the
depth. The only motion component which can fully be
observed from the image motion is the rotational motion
of the camera
In our application, a mobile robot navigation problem, we
do have information about the ego-motion of the camera:
shaft encoders or other sensors that give information about
the ego-motion, and thus we can derive a spatial structure of
the environment form the optic flow. Essential is that the
estimated ego-motion is accurate, because any errors immediately are propagated to estimated distances to objects.
Because of wheel slippage, this is not always the case. In
the remainder of the paper, we will show that collision
prediction can be done based on the optic flow field only,
and, a model of the robot’s motion.








º¼»

ò Fig. 3. The coordinate system of the observer.





robot to reach the corresponding collision points. Formally,
if there exists a point P on the surface of an object such that
P then P is a collision point and the corresponding
Ct
time to collision equals t (see Fig. 2).
Our aim is to find the projections of the collision points in
the two-dimensional image domain. We define the projected
camera curve c t as being the projection of the camera
curve on the image surface and the projected collision
points p as the locations of the collision points as projected
on the camera surface. Naturally, the projected collision
points lie on the projected camera curve. However, not the
reverse is true; not all points on the projected camera curve
are collision points since depth information has been
discarded due to the projection on the image surface (see
Fig. 2). We will recover this depth from the optic flow.
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4. Curved motion and collision points
A mobile robot cannot move in arbitrary directions. The
const
ruction usually constrains the motion of the mobile

to a lower dimension than the dimension of the possirobots
ble configurations in the environment. Such a kinematic
with less degrees of freedom in the control variables
system,
than in the external configuration is called ¾non-holonomic.

S3. Optic flow
TThe optic flow is the 2D motion of the projected motion

of objects in the scene. It relates to the 3D motion of the
objects in the following way. Let the moving observer’s
coordinate system be fixed to the camera with the UZ-axis
in the direction of the optical axis, as shown in Fig. 3. Let
V
the
translational velocity of the camera be given by T and
the rotational velocity by WYX A point P,& located by position
'vector ZR []\ ^ X_ Y ` UZ a in the observer’s coordinate system, is
moving with a velocity given by R bdcfe T gihkj Rlnm For
pinho
length the point is projected
^ Xy UZz aYunit
UZ |~} focal
at or p]leq camera
r xs t yuLvxwwith
It can be shown [14] that the
{
motion r  which is the projection of the motion of
A
image
the point P on the planar image surface, is given by

or  r  rr x tt y
r  x y
 T  r xT r    r     t 
1 x
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the non-holonomic system under consideration, the
For
coupling is between the translational velocity and the rotational velocity. It has been shown [15] for the general case
that if the system has a constant angular velocity ¿ and a
constant translational velocity VTÀ both defined in the



system’s coordinate system, the curvature, the inverse
radius of the osculating circle, of the path is a constant
and equals

Ä
ÁÃÂ VT ÅÇÍÆ VT ÐÈÊÉÌËÎÍ
TÏ

Ñ )3Ò

3

the mobile robot moves on a plane, the direction of
Because
translation is orthogonal to the rotation. The translational
n is in the viewing direction, the rotational motion is
motio
perpendicular to the plane the robot is moving in:
VT Ó]Ô Õ0Ö Õ0× T ØÚÙ ÛÝÜxÞ Õ0ßáà  â Õ0ã
ä å4æ

;We see that the curvature is now very simple
çÃè éëêíì
ì Tî
z

y

ï ð5ñ

This tells us what we intuitively know: under constant
motion, the mobile robot describes a circle on the plane 1
1

ó The plane is of course the local tangent plane of the surface the mobile

robot is moving on. All predictions of heading directions are based on
movement on, the infinite extension of, this plane.
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rotational and translation motion of the robot to compute the
curvature.
It is known that the rotational motion of the robot



it is moving. In addition, intuitively, faster speed means
faster rotation but the curvature remains constant. Likewise,
a small turning angle proportionally increases the curvature.
So, how about the collision points? We would like to
know whether the robot, given the current motion T
collides with objects. We consider a location r in the
image and wish to know whether a point on an object P,
seen in this direction is a collision point. It is obvious that
under the given motion constraints and for a point-like
observer, collisions will only take place in the plane in
which the observer is moving in. In most practical applications we are interested in which points are passed to the left
and which points are passed to the right. We generalize the
problem now by not modeling the observer as a point but as
a vertical line.
From Fig. 4 it can easily be seen that P is a collision point
(it will collide with the line-like observer) if the depth to the
point is



















õ

ô



tional motion is not observable in absolute sense. Only the
relative to the depth can be observed. This means
motion
that the curvature of the mobile robots path is ¾not observable
from the optic flow! The same holds for the depth to the
point
& which can only be determined scaled with the
translatP,ional
velocity of the observer.
U *
Although + and Z(or) are not observable separately, the
8CWD, the product of the two, <can be observed from the
optic flow. Taking Eq. (5) and multiplying left and right
with Z( r)* we obtain
; <
, UZ - or./ V 025 14
U 6 3o 798
:8

V öø÷úù
A&

A 

(



can be computed from the optic flow. However, the transla-

UZ û orüLýÿþ

3TZ r

 6 

translational velocity scaled with the depth T= Z > r?
The
observable from the optic flow, as well as the @BA

sin

The CWD is observable from the optic flow.



 Z  r sin
7
U


with Z or the depth (relative to the image plane) of the point
next sections we will show that the N product of 
P.andInZthe

 r can be derived from the observations. We define
 UZ  or the <curvature weighted depth 8CWD. Note that the
C

6. Invariant properties
The interesting observation is now that the CWD has
invariant properties. Suppose that the mobile robot has a
different steering angle, resulting in a camera curve with a
different curvature D Eb. We investigate the same viewing
direction r F A point in this direction is a collision point if
Q
ZG b H rIKJML G b sin N G b O so if the CWD is equal to P Z rRKS sin T G b U
X
From Fig. 5 it can be seen that sin V G b W sin Y a Z any collision point in direction r gives the same [ ,

8CWD is a property of the motion of the observer $and the



location of the object.

U o



The CWD tells whether a point seen in direction r is a
<colli
sion point.



U o



Note that we can also use the CWD to predict on which

side a point in a visual direction will be passed. If  Z r

sin the point will pass the robot to the right and vice versa.
We call sin  the critical value for the point observed in
direction r Thus, sin ! could be used as threshold for a
steering action. This means that aside from collision predic#
tion, the sign of " Z r$&% sin ' gives the locations of objects
with respect to the camera curve.

(

5. Observability





;



o T

 <

U o





is



(





U o



&



any collision point in visual direction r,\ the criti
<For
cal value for the curvature weighted depth ] Z ^ r_ is

<constant, independent of ` .

More general it can be seen that the critical value sin a
depend
s only on the viewing direction r b The critical value

8Can we observe the camera curve ) and the depth UZ(or*) to

an object? An examination of Eq. (5) show that we need the

D

Fig. 4. Point P, seen in direction r is a collision point if the product of the
depth Z c r d to the point and the curvature e is equal to some critical value.

Fig. 5. The critical value of the CWD, indicating a collision, is independent
of the radius of the curve of the observer.
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can be expressed in image coordinates using the definition
of r x Eq. (1) and the fact that the projection of the point must
*lie on the curve (with C f C g C hKi =C*):
 s C t ?tuKv 1wyx 
z0 {
j k?l m
1nporq
9
C t
y

x

2

x

resulting in
|~}

Z  r  critical

and (10) we see that this function ¼¾½ r¿
r x Ä r x Å 1Æ
À¾Á
rÂKÃ t Ç r  È
1É
yx

 sin 

r

r

Ê

2

2

2x
1  x2
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2

z

2
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and show it in Fig. 6. We can summarize the following three
cases:
ÌÎÍÏ orÐ&ÑMÒ¤Ó orÔ : a collision point projects at location or.

 10

ôSince we are able to observe the CWD from the optic flow

ÕÎÖ× rØÚÙÜÛ¤Ý rÞ : the point that projects at r is passed to the

(details are given in Section 7), and, the threshold on the

ßÎàá orâÚãÜä¤å oræ : the point that projects at or is passed to the

8CWD is only a function of the location in the image we will

left.

be able to identify the collision points in the image domain.

TThe correspondence between the depth to objects and the

right.

camera curve has thus been solved without the use of exter

nal sensors.

7.3. Time to collision
Although there is now a direct spatial correspondence
betwee
n the image label and the geometrical description

7. Observation of the CWD from the optic flow

of how this image location is located with respect to the
future

In Section 5 we stated that the CWD is observable
from
the optic flow. In this section we will derive this
relationship. First we will briefly recap the optic flow
equations.





7.1. Observation of the CWD from the image motion

9Our mobile robot has its camera mounted such that its
'visual direction is the heading direction such that T 
Õ  Õ   
the rotational velocity of the camera equals
0 
0 T

Õ0 and

 Õ0 By solving  and T Z from Eq. (2), and


ç all collision points are located in admissible regions;

è all collision points are located in non-admiss ible
é collision points are located in both regions.
regions;

z

y



path of the robot, we generally do not have
enough information for the navigation problem: is the
current course heading for admissible regions (the road, a
goal) or non-admissible regions (an obstacle)? There are
three possibilities:

using the expression for the CWD given in Eq. (7), we
obtain

last case we should estimate the time it takes for
tInhethevehicle
to reach each of the collision points. Such a

 Z  r&¡

is very simple to derive for a mobile
robot. It equals the time along the camera curve to reach the

where
±¤²

r³&´

§¨

rµ 
¶
r

r x¢¤£ r¥&¦ t y
r©«ª 1 ¬ r x  ® r xy
2

y
x

time to collision êìë rí

¯

11°

· 12¸

noticeable is that the curvature scaled depth depends
Most
on the %orientation of the image motion vectors! Just as with

pure translational motion of the camera, the velocity is of no
importance to the direction of heading.
7.2. Collision classifier

Up to now we have seen that the CWD can be estimated

from the image motion using only the non-directed orientations
of the image motion. Furthermore, we also have shown

that if there is a collision point in a visual direction, the
8CWD has a certain critical value in the corresponding direc-

tion. We can now construct a critical value function which

combines these two sources of knowledge into one. Such a
critical value function will operate on the non-directed
orientations ¹¤º r» of the image motion. Using Eqs. (12)
D

Fig. 6. The non-directed threshold function on the angles of the optic flow
vectors. If the angle of the flow vector is smaller than the angle of the
critical value function at the corresponding location, the point is passed
to the left and vice versa.
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Fig. 7. The experimental set-up.

ò Fig. 8. An experimental sequence and its results, given in an overview of the method. (a) Middle image from the image sequence. (b) Estimated optical flow. (c)
ó The critical value function of our camera. Note that it is independent of the speed and the curvature of the vehicle. (d) Confidence of the estimated optical flow;
dark areas indicate error prone estimates. (e) We eliminate error prone estimates of the optical flow using the confidence. (f) The estimated collision C path of the
D

vehicle; points in light gray are passed to the right, points in dark gray are passed to the left. Points in black indicate erroneous optical flow and no classification
is made. (g) The ground truth collision path of the vehicle; points in light gray are passed to the right, points in dark gray are passed to the left. (h) Deviation of
the estimated collision path from the ground truth. Gray area indicates equal estimation and ground truth. Areas in white are estimated to be passed to the left
î but
are passed to the right and vice versa for black areas.
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point:
ïñð ròKó

sin ô

1

õ UZ ö r x÷ t yø ùk ú
û 
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which can be calculated by a parametrization of Eq. (9) to
time. Notice that this time to collision does not equal the

usual definition [11] of the depth divided by the translational

'velocity; we have considered circular motion, not rectilinear
motion!

þ

ò Fig. 9. The angular gradient of the threshold function ÿ . (White denotes


high gradient and black denotes low gradient.) In the image center and a
cross-like shape the angle of the threshold function changes more rapidly.
In these areas the method is more insensitive to errors in the optic flow.

8. Experiments
approach, described in previous sections, is tested
withThea set
of calibrated image sequences. We obtained an

accurate motion of the camera by mounting the camera in

the hand of a robot arm. For the estimation of the optic flow
from the image sequences we used a technique which we
developed earlier [4] and which was applied to other mobile
robot navigation tasks [5].

ò Fig. 10. A frame from the “Collision” sequence with the resulting collision errors. In the upper left figure we have shown an image from the sequence with D the
optic flow (only flow vectors with confidence greater than a predefined value are used). The lower left figure shows the same image but now with the projected
collision curve; darkened image locations are passed to the left. In the right figures we have shown the estimated projection of the collision points for two
confidence intervals. The top figure has interval [0.8,1.2] and the lower figure has interval [0.9,1.1]. In the right figures black area means that the optic flow is
not reliable and no classification is made. Gray areas indicate no collision, white areas indicate a collision. The black line indicates the true collision points.
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Fig. 11. A later frame from the “Collision” sequence with the resulting collision errors. For an explanation see Fig. 10.

like the one described in Ref. [1]. However, in our experiments, we know the approximate velocity of the optic flow
and a hierarchical estimation is not necessary. If, like in the
general case, the velocity is unknown a priori, a scale space
[17] or hierarchical approach to motion estimation may lead
to better results.
Finally, the optical flow was compared with the critical
value function  r From the result the collision path in the
image domain can be derived (Fig. 8f).

8.1. Procedure

;We used a 1/3 in. black&white CCD camera for which

we computed the critical value function  r




2

The result is
given in Fig. 8c. The camera is mounted in the end-effector
of a robot arm which was controlled such that a circular path
was generated (see Fig. 7).
An image sequence consisting of 15 images was taken
while the robot arm moved along the known trajectory in the
known scene. The ground truth of the collision path of the
camera was measured using the model of the scene and the
camera parameters (Fig. 8g).
The optical flow was estimated using a local smoothness
technique described in Ref. [12]. Since there are a number
of error sources that may corrupt the optic flow estimates
(see Fig. 8b) we use measures of confidence as described in

Ref. [4]. Fig. 8d shows the confidence in the optic flow field.
Using this confidence measure unreliable estimates of the
optic flow are removed as shown in Fig. 8e. We could have
used a more sophisticated optic flow estimation algorithm










,



õ




'



8.2. Performance



of experiments as described above while varying
series
the translational velocity of the camera and varying the



performed in estimating the projection of the
future course of the robot. We compared the projection of
the real path with the projection of the estimated collision
points,
given by Eq. (13). However, since the measurement
 

r of  r is only an approximation, we label an image
location as a projected collision point if and only if



TTo investigate the performance we have carried out a

curvature of the path of the camera. We studied how our






approach



of simplicity we have taken the focal length of the camera
D to beFor. f / the1 sake
in the derivations in this article. However, the camera used in
. 0



o 

*

2

our experiments has f 31 52 It is straightforward to compute the critical
value function 354 r6 for a non-unit camera by modifying Eq. (2).



l 

o 

or or!"$# %& or'

which is a confidence interval for the estimation of )+( * r, - In
h
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ò Fig. 12. A frame from a sequence with doubled translational velocity of the camera and the resulting collision errors. For an explanation see Fig. 10. Note that
D the collision points are unaffected by this increase in speed.



'













Õ 0

Figs. 10–12 for the upper right subfigure we have 7 8 l 9;: < h =
> ? @
0 9 1 A 1B and in the lower right subfigure we have used
J; K
C
l D;E h FHGIG 0 8 1 L 2MN
In Figs. 10 and 11 we have shown the estimates of the
projected collision points at two time instants. As can be
seen from the experimental results on these sequences, at
locations in the image where the optic flow is large, we see
that the estimate of the collision points is accurate. Larger
errors are made in the area of the image center. This is to be
expected: at these locations the depth is largest and the
amount of depth information, relative to the rotational information, in the optic flow is minimal. Furthermore, the sign
of the optic flow changes easily in the area of the image such
that this induces an error. Therefore, in these regions small
changes in the angle of the optic flow vector results in a
large error for the classifier. However, the confidence interval used in these experiments eliminates the errors around
QR
the horizon O y P 0
From the experimental results, we can conclude that the
classification of image locations is not always correct. This
is due to noise in the optic flow estimate. How much noise
can the method tolerate? This is a difficult question because
it depends on the geometrical layout of the environment and
on the motion of the camera. Since these are implicitly taken



Õ

t







into account in our method we will not consider them separatel
y. We therefore take another route: we will show which

Õ

locations in the image are more robust against the noise in
the
flow and which are less robust.
TThoptic
e sensitivity of the method to errors in the optic flow
 V
estimate can be described using the variation SUT tan WX rY[Z

of the threshold function \ . In areas with small angular
1

gradient, a small change in the estimated direction of the
optic flow will result in a large error of projected camera

curve and collision points. The result of this analysis is that
the most insensitive areas in the image are the image center

and a cross-like shape from corner to corner (see Fig. 9).


This shows one side of the story, the sensitivity to angular
errors. However, the a priori distribution of optic flow
angles is not uniform in the case of rotational motion.
Hence, this is a lower bound on the sensitivity.
8.3. Invariance of the method
to test the invariance to the velocity of the
camFinally,
era, we have doubled the translational velocity of the

camera as shown in Fig. 12. As expected, this has almost no
influence on the estimated collision points. One should note

that the density, the number of flow vectors that are labeled

424
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as correct, decreases. This is due to errors in the estimation

of the optic flow that are removed with the confidence
]

measure.
9. Conclusion and discussion

;We have shown that the prediction of the mobile robot’s

path, defined in the image domain, can be estimated
future
from the optic flow. Points in the image domain that lie on

this path are called (projected) collision points. We do not
use

external sensors for the motion of the robot, nor
compute
explicit depth information from the optic flow.

(Furthermore, we have not used any knowledge of the environment, in the sense of a model, but only the non-holonomic

constraint of the mobile robot, hence of the camera motion.
TThese assumptions lead to a very simple test on the orienta-

tion of the optic flow with a non-oriented vector-field. The

result of this test reveals the future path. Most noticeable is
that this threshold function is only dependent on the camera

parameters, not on its motion like the current curvature or
'velocity!
TThe experiments show the feasibility of this approach.
future path is computed accurately for locations close
The
to the camera. Points near the horizon, with large depths, are

*less accurate. However, we justify the approach by stating
that points nearby are more important for reactive naviga-

tion than distant points. Furthermore, since the future path is
a prediction based on the momentary motion, a change in

the vehicle motion will mostly violate predictions of points

away. Finally, the computational resource, needed for
far
the classifier, is extremely low; only comparisons of the

optical flow with a pre-computed threshold function.
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